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Abstract

Thiswork in progresgpaperpresenta methodologyfor rea-
soningaboutthecomputationatompleity of functionalpro-

gramswhich areextractedfrom proofs.

We suggesh first orderarithmeticAT® which is a syntactic
restrictionof Peancarithmetic. We establishthat the setof

functionswhichis provablytotalin AT?, is exactly thesetof

polynomialtime functions. This resulthasbeenacceptedat
Conferenceof the EuropeanAssociationfor ComputerSci-
encelogic (CSL),2001.

Comparedo othersfeasiblearithmetics AT? is surprisingly
simpler Themainfeatureof AT® concernghetreatmenof

thequantification. Therangeof quantifierss restrictedo the
setof actualtermswhich is the setof constructotermswith

variables. The secondfeatureconcernsa restrictionof the
inductive formulas.

Although this paperaddressesometheoreticalaspectsof

programextractions,it is relevant for practicalissue,in the
longterm,becauseertifyingthecomputationatesourceon-
sumedby a programis a challengingssue.

Intr oduction

From Heyting's semanticand the Curry-Howard isomor
phism, we know how to extract a programfrom a proof
whosedenotationis the conclusionof the proof. Several
systemsely onthisconceptlike NuprlandCog. Thosesys-
temsallow oneto construcia correctprogramfrom a speci-
fication. However, the efficiengy of the programobtaineds
notguaranteedBut, efficiency is a crucialpropertyof arun-
ningimplementationConstablgointedoutthis practicalis-
sue.Benzinger(Benzingerl999)hasdevelopeda prototype
ACAto determingheruntimeof Nuprl-extractedprograms.
For this, ACA determinesn upperboundon the numberof
reductionstepsof a Nuprl programby solving recurrence
equations. Thereare several otherrelatedapproachessee
for example(Métayerl988;Flajolet,Salvy; & Zimmermann
1990;Crary & Weirich 2000),which arebasedon counting
computationafesources.

Here, we rather proposea proof theoreticalmethodto
analysethe runtime compleity of extractedprograms.We
shallbriefly describehesystemAT? in thenext Sectionfor
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whichthe setof provablytotal functionsis exactly the setof
polynomialtime functions. For a full descriptionof AT?,
consult(Marion2001).

Up to now, AT can prove the terminationof first or-
derfunctional programswhich are simply basedon primi-
tive recursiontemplates However, AT is anopensystem
in which we candealwith otherdata-structureandwe ex-
pectto shortly incorporateotherinduction schemawhich
encompas®ther algorithm patterns,and deal with higher
typeconstructions.

Thegoalof thelong termresearchs to provide a frame-
work to provide an analysisof an extractedprogram,from
whichwe can(i) deducethe compleity of the programand
(ii) alsohave hintsto automaticallytransformthe extracted
programinto a more efficient one. Let us explain whatwe
meanby considerindfirst orderfunctionalprogrammingar
rewrite rules. We have usedterminationproofsin (Marion
2000;Marion & Moyen2000)to answerpartially to (i) and
(ii). For this, we have definedresctrictionsof a termina-
tion ordering,in sucha way that a terminatingprogramp
computes polynomialtime function. Theinterestingpoint
is that the p can be evaluatedin exponentialtime (in the
numberof reductionsteps),but denotesa polynomialtime
function. Thishappensvith recursve specification®f prob-
lemswhichareefficiently solved by dynamicprogramming.
In our case theterminationproof givesinformationto con-
structa call by value interpreterfor p with a cache. The
cachememorizeghe value of recursve call which shallbe
usedlateron. Moreover, becausef the terminationproof,
we know how to maintainthe smallestpossiblecache.

In otherwords,thegoal (or the dream)of this researchs
to extracta correctandefficient programfrom the termina-
tion proofswith guaranteccompleity.

Let us finish this discusionby wonderingwhy the ex-
traction of efficient programsis a difficult task. The tradi-
tional meta-theoryof programreasoningfails to deal with
sucha questionbecauseanalysinga specificatiornto extract
a“good” algorithmis anintentionalproperty On the other
hand, Theory of ComputationalCompleity theory (TCC)
delineateslasse®f functions,which arecomputablewith,
boundedresources.TCC characterisationare extensional,
thatis all functionsof a given classare captured put most
of the “good” algorithmsare missing. Runtimeanalysisof
programsnecessitate reasonon programsor on proofs



in the “proofs-as-programstontext. For this, we needto
developlogicsto studyalgorithmiccontentsof proofs.

A feasiblearithmetic

Termsaredividedinto differentcatgyorieswhich arelisted
in Figurel. Actualtermsarebuilt up from constructorof
W, andvariablesof X, andformsthe set7 (W, X). The
logicalrulesof AT arewrittenin Figure2.

The differencewith the {—, A, V}-fragmentof the mini-
mallogicistheactualeliminationquantifierprinciple which
is obtainedoy the VES-rule.

Now, we extend AT to anarithmeticAT (W) in orderto
reasoraboutthefreeword algebra7 (W). Thesetof words
is denotedby a unary predicateW togetherwith the rules
displayedn Figure3.

Following Martin-Lof  (Martin-Lof 1984) and
Leivant (Leivant 1994a; 2000), the introduction rules
indicate the constructionof words, and the elimination
rules specify the computationabehaiour associatedvith
them. Both elimination rules, that is the induction rule
andthe selectionrule, are necessarybecausef the actual
elimination quantifier principle. Indeed, the induction
rule schemalnd(W) correspondgo the usual induction.
However, the rangeof the universalquantifieris restricted
to actualterms.So,thelastquantifierof theinductionfilters
the instantiationthroughthe VES-rule. Roughly speaking,
an induction is guardedby a universal quantifier like a
proof-netboxin linearlogic.

Ontheotherhand theselectiorrule expresseshataword
t is eitherthe emptyword e, or s;(y) for sometermy. We
shall employ the selectionrule to perform definitions by
casesover words. Unlike the inductionrule, theterm¢ in
the conclusionof the selectionrule canbe ary term. It is
worth noticing that the applicationof the selectionrule is
restricted Thereis no applicationof VES-rulein thederiva-
tionsms, andms, . Thus,we prohibit nestedapplicationsof
inductionrule, insidethe selectiorrule. Otherwiset would
be possibleto unguardaninduction.

Reasoningover programs

An equationaprogramf is a setof (oriented)equationst.
Eachequationis of theformf (py,--- ,p,) — t whereeach
p; is anactualterm,andcorrespond$o a pattern.Theterm
tisin T(W,F,X) andeachvariableof ¢ alsoappearsn

f (pl;"' 5pn)

Definition A confluentequationalprogramf computesa
function[f ] over 7 (W) whichis definedasfollows.

For eachw;,v. € TW), [f](wi, -, w,) = Vv
iff the normal form of f (wq,---,w,) is v, otherwise
[f J(wy,---,w,) isundefined.

Letf beanequationaprogram.We defineAT(f ) asthe
calculusAT (W) extendedwith thereplacementule below,

Alub)
Avb]
where(v — u) € £ andf is asubstitution¥ — 7 (W, X).

Definition A function ¢ of arity n is provably total in
AT(W) iff there are an equationalprogramf suchthat
¢ = [[f ] andaderivationin AT(f ) of

Tot(f ) =V -+ 2pn-W(z1), - , W(xn) 2> W( (21, ,25))

Definition A formula Afz] is an induction formula if
Vz. W (z) = A[z] is the conclusionof aninduction. Define
AT®(W) astherestrictionof AT(W) in which induction
formulasarejust conjunctionf predicategi.e. atomicfor-
mulas).

Theorem [Main result] A function ¢ is polynomial time
computablef andonly if the function ¢ is provably total
in AT,

Example We begin with the word concatenatiorwhose
equationsre

cat(e,w) - w

cat(si(z),w) — si(cat(z,w)) i=0,1

Thederivationr..t in Fiugre4 shavsthatthe concatenation
is a provablytotal functionof AT(cat).
Noticethatthetermw is ary term,andsow canbe sub-
stitutedby a non-actuaterm. Let us investigatethe word
multiplicationwhoseequationsare

mul(e,z) = €

mul(s;(y),z) — cat(z,mul(y,z)) i=0,1

The word multiplicationis a provably total function asthe
derivationin Figure5 showsit.
Now, consideithe equationglefiningthe exponential:

exp(€) — sq(€)
exp(si(y)) — cat(exp(y), exp(y))

In orderto establisithattheprogramexp definesaprovably
total function,we have to make aninduction. At theinduc-
tion step,undertheassumption®3 (exp(y)) andW (y), we
have to prove W (cat(exp(y), exp(y))). However, exp(y)
is notanactualterm,andsowe cannot“plug in” thederiva-
tion ¢, to conclude.

i=0,1

Relatedworks

Oneof the main advantageof the systemAT® compareto
otherapproacheis that AT? is conceptuallysimpler Theo-
riesof feasiblemathematicsriginatewith Buss(Buss1986)
on boundedarithmetic. SubsequentlyLeivant (Leivant
1991)establishedhatthefunctionsprovablytotalin second
order arithmeticwith the comprehensioraxiom restricted
to positive existentialformulas,are exactly the polynomial
time functions. Leivant (Leivant 1994a)alsotranslatechis
characterisatior{Leivant 1994b) of feasible functions by
meanof ramified recursion. For this, he hasintroduceda
sequencef predicateNy, Ny, ... correspondingo copies
of N with increasingcomputationapotential. Cagman,Os-
trin and Wainer (Cagman,Ostrin, & Wainer2000) defined



(Constructos) W5se = €|sg|s1
(Functionsymbols) F > f = f|g|h|... withfixedarities
(Variables) Xoux = z|ylz]...
(Words) TW)>w = €| so(w) | s1(w)
(Terms) TV, F,X)>t == €|so®)|s1(t)|f(t1,.-.,tn) |z
(Actualterms TW,X)>5p = €|so(p)|silp) |z
Figurel: Cateoriesof terms
Premiss A (Predicated)
Introductionrules Eliminationrules
{4}
A—B A
B — 5 "
—1T
A—B
Al A2 Al /\ A2
—AI ANE
Al A A2 A]
Vz.A
VI —VES wheepe T(W, X)
Va. A Alz + p]
Restrictionsontherules
e InVI-rule,z is notfreein any premiss.
e InVES-rule,p is anactualterm,i.e.p € T(W, X).
Figure2: Logicalrulesof AT.
Introductionrules
; w(t) w(t)
€ S
Wie) Wi(so(t)) W(s1(1)
Eliminationrules
 Tag =
Selection W (y)— A[so(y)] W(y)— Als1(y)] Ale] W(t)
AT Se(W)

induction Vy.Alyl, W(y) = Also(y)] Vy-Alyl, W(y) = Afs1(y)] Ale] Ind(W)
Vz.W(z) = Alz]

Restriction®ntherules:

e In Sel(W)-rule, derivationsof 7., andzs, do notusetherule VES. The variabley mustnot occurin ary assumptioron
which A[t] depends.

Figure3: Rulesfor word reasonningn AT (W)




{W(cat(z,w))}
W (si(cat(z,w))
{W(2)}  Wi(cat(si(z),w) R
W(z), W(cat(z,w)) = W(cat(si(z),w)) W (w)
V2. W (z), W(cat(z,w)) = W(cat(si(z),w)) W (cat(e,w))

I

'R
)

Ind(W)
V. W (z) = W(cat(z,w))

Figure4: Concatenation

{W(mul(z,2))}
)]

* Teat|[W — mul

(2
Ve W) 3 Weat(,ml(z2)) o

W (z) —» W (cat(z,mul(z,x))) {W(z)}
W(cat(z,mul(z,x)))
W (mul(s;(z),x)) N
W(z), W(mul(z,z)) > W(mul(si(z), z)) ; W (e)
V2. W (z), W(mul(z,z)) = W (mul(s;(2), z)) W (mul(e, z))

—F

el

Vy-W(y) - W (ml(y, z))
Vz.Vy.W(z), W(y) > W (mul(y,z))

(VES;— L;VI;VI)

Figure5: Multiplication




a two sortedPeanoarithmeticPA(; ) in the spirit of Bel-

lantoni and Cook (Bellantoni& Cook 1992). They char

acterizethe functionscomputablein linear space,andthe

elementaryfunctions. Predicateshave two kinds of argu-

ments: safeandnormal. Quantifiersareallowedonly over

safetermsandrangeoverhereditarybasicterms.In arecent
article (Leivant2001), Leivantsuggests new directionby

giving somestructuralconditionson proofhipothesisandon

inductiveformulas.Therearealsotheoriesf feasiblemath-
ematicswhich areaffiliated to linearlogic. Girard, Scedre

and Scottin (J.-Y. Girard 1992) have introducedbounded
linearlogic, in whichresourcesareexplicitly counted.Then,
Girard (Girard 1998)constructedight linearlogic whichis

a secondorder logic with a new modality which controls
safelytheresourcesSeealsothe works of Asperti(Asperti

1998) and Roversi (Roversi 1999). Lastly, Bellantoniand
Hofmann (Bellantoni & Hofmann2000) and Schwichten-
berg (Schwichtenbay ), have proposedeasiblearithmetics
basedn linearlogic with extra countingmodalities.

Comments

Theseexamplesillustratethat actualtermsplay a role sim-
ilar to termsof highertier (safe)usedin ramified recur
sions, as defined by Bellantoni and Cook (Bellantoni &
Cook1992),andLeivantin (Leivant1994b).Intuitively, we
do not assumehat two termsare equaljust becausdahey
have the samevalue. We arenot concernedy termdenota-
tions,but ratherby theresourcenecessario evaluateaterm,
orin otherwords,by termintention. Fromthis point of view,
anon-actuatermis unsafe.So,we have no justificationto
guantifyover non-actuaterms.Ontheotherhand thereare
no computatiorrulesassociatedo actualterms,sothey are
safewith respecto polynomial-timecomputationln away;,
thisideais similarto “read-only” programsof JonegJones
1999).

Theconceptrisingfrom thework of SimmongSimmons
1988),BellantoniandCook (Bellantoni& Cook 1992)and
Leivant (Leivant 1994b),is the ramificationof the domain

of computatiorandthe ramificationof recursionschemata.

Oneusuallycompareghis solutionwith Russells typethe-
ory. Oneunattracte featureis that objectsare duplicated
at differenttiers. This drawbackis eliminatedhere. It is
amazingto seethatthis solutionseemgelatedto Zermelo
or Quineanswergo Russells typetheory

Lastly, theactualeliminationquantifierprinciplereminds
one of logic with existencepredicate,n which quantifiers
are supposedo rangeonly over existing terms. The moti-
vationis to take into accountundefinedterms. Suchlogics
have their rootsin works of Weyl (Weyl 1921)and Heyt-
ing (Heyting 1930),andhave sinceextensvely studiedand
arerelatedto freelogic.
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